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a b s t r a c t

The constitutive relations of α and β phases in a TC6 titanium alloy were determined by implementing a
two-phase elastic-plastic self-consistent (EPSC) framework combined with the evolution of lattice
strains; these strains were obtained via in-situ tensile loading synchrotron-based x-ray diffraction ex-
periments. It was found that the {200}β reflection has the lowest stiffness and load partitions prior to the
α phase during the elastic loading stage in this alloy. The simulated parameters including the diffraction
elastic constant and initial yield stress of lattice reflections exhibited satisfactory correspondence with
the experimental results. Further analysis of the characteristics of the Schmid Factor (SF) distributions of
the main slip systems revealed that the elastic-plastic transition process in the α phase occurs over a
prolonged period. In contrast, the β phase undergoes a transient process owing to its relatively more
concentrated SF frequency distributions, than those of the α phase. In addition, the fitted stress-strain
curve of each phase was compared with the measured macro stress-strain curve obtained from the in-
situ experiment. It revealed Young's moduli of 110.3 GPa and 104.5 GPa, and yield stresses of 877.8 MPa
and 969 MPa, for the α and β phases, respectively.

& 2016 Elsevier B.V. All rights reserved.
1. Introduction

Recently, the high-performance α/β dual phase TC6 (Ti–6Al–
2.5Mo–1.5Cr–0.5Fe–0.3Si) titanium alloy has been commonly used
in aerospace industries for fabrication of some of the critical en-
gine components. This alloy has outstanding mechanical proper-
ties, such as high strength-to-weight ratio and fatigue resistance,
as well as excellent ductility and toughness. To develop micro-
mechanical models for investigating the macroscopic and micro-
scopic behavior of multi-phase materials, such as this alloy, the
constitutive relation of each constituent phase must be de-
termined. Each phase in a multi-phase material is usually obtained
via heat treatments, based on TTT plots or phase diagrams, or by
using a possibly substitute material, which has almost the same
composition [1–3]. However, the chemical composition has a sig-
nificant effect on the structure and mechanical properties of the
phase, and hence the single-phase behavior differed from that of
the phases in the aggregate material. Ramazani et al. [4] and
Hosseini-Toudeshky et al. [5] evaluated the stress-strain behaviors
of the constituent phases in dual-phase steel by using classical
nce and Engineering, Beijing
dislocation theory. These empirical theories were, however, based
on experiments performed over a limited range of chemical
composition and manufacturing processes, and hence their valid-
ity remains questionable [1]. Recently, Ghassemi-Armaki et al.
determined the deformation response of ferrite and martensite by
performing nanoindentation and uniaxial compression on focused
ion beam-milled cylindrical micropillars [6]. However, the size
effect of both the indentation and the micropillars limit their
practical applications [7,8].

In-situ synchrotron-based high-energy X-ray diffraction
(HEXRD) is a non-destructive strongly penetrative method that
can be used to analyze microstresses in a material. In fact, in-situ
diffraction experiments, during tensile loading, can be combined
with mathematical tools that can replace the commonly used
empirical or phenomenological laws, to acquire data that cannot
be directly measured during experiments. The elastic-plastic self-
consistent (EPSC) framework provides an intermediate view into
the microscopic behaviors, and excellent agreement with diffrac-
tion data has been obtained for various materials, with differing
crystal structures, and multiphase systems in composites [9–13].
The EPSC framework, and extensions thereof, are computationally
efficient. Furthermore, this framework has proven effective for
predicting the macroscopic stress-strain response and evolution of
lattice strains, residual strains, relative activity of the slip and
twinning deformation modes, and the development of
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Table 1
Chemical composition of TC6 experimental alloy (wt%).

Element Al Mo Cr Fe Si C N H Ti

wt% 6 2.5 1.5 0.5 0.3 o0.07 o0.03 o0.01 Bal.
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crystallographic texture [14–17]. In this study, a two-phase version
of the framework is used to optimize the intrinsic constants of the
TC6 titanium alloy as well as obtain the lattice strain response and
constitutive relations of each phase.

In addition, microstructural features, such as the grain size
distribution and volume fraction of each phase, of the alloy were
determined via electron backscattered diffraction (EBSD) mea-
surements. Then the EPSC framework, used in this study, is briefly
described. The initial orientation of the grains was obtained from
EBSD measurements. Based on the results of in-situ synchrotron
radiation experiments and SF distributions of the main slip sys-
tems in each phase, the parameters in the framework are adjusted
to optimum values. The phase constitutive relations of each phase
and parameters of the micro slip systems were subsequently ob-
tained. Moreover, it is shown that the elastic-plastic transition
modes of the α and β phases are different.
2. Experimental description

2.1. In-situ synchrotron-based HEXRD experiments

In-situ synchrotron-based HEXRD experiments were per-
formed on the beamline 11-ID-C at Advanced Photon Source (APS)
at Argonne National Laboratory. The energy of the monochromatic
X-ray beam is 111 keV (with wavelength of 0.11165 Å). The ex-
perimental setup is shown in Fig. 1. The dog-bone-shaped sheet
specimen of forged TC6 titanium alloy with gauge section di-
mensions of 3.175 mm �10.16 mm �1 mm was mounted to a
loading frame. CeO2 powder was used as standard sample for ca-
librating the tilt angles and the distance between the specimen
and a two-dimensional (2D) detector which was used to collect
the diffraction patterns with sampling times of �1 s during tensile
loading. The images of the Debye rings were segmented using the
software program Fit2D [18] and plots of diffraction angle 2θ
against intensity were integrated from 10° regions of diffraction
planes normal to the longitudinal loading direction (LD). The Bragg
angle θhkl of each hkl plane was determined by fitting the in-
dividual peak or overlapped peaks in the diffraction spectra by
employing two Gaussian functions with different peak widths.

In this case, for each hkl plane, the elastic lattice strain ɛhkl can
be calculated from the measured lattice spacing dhkl and a re-
ference lattice spacing d0, hkl, as

ε =
−

( )

d d

d 1
hkl

hkl hkl

hkl

0,

0,

where d0, hkl is the interplanar spacing of the specified hkl plane
during the initial elastic load at zero.
Fig. 1. Schematic of the experimental set-up for in-situ loading studies by HEXRD.
2.2. Materials and EBSD experiments

The as-received TC6 titanium alloy (Baoji Nonferrous Metal
Works forged product, Baoji, China) (also known as BT3-1 [19,20])
with the chemical composition listed in Table 1 was forged and
annealed at 800 °C for 2 h followed by air cooling. Prior to in-situ
deformation tests, EBSD analyses were performed on the long-
itudinal surface of the alloy. The dog-bone-shaped sheet specimen
was prepared by wire-electrode cutting along the axis direction of
the forged bar. The surface of the specimen was mechanically
ground and polished, because the samples designated for EBSD
measurement must have a flat highly polished (mirror-finish)
surface. Furthermore, removal of the residual stress, owing to
mechanical polishing, from the surface layers is essential to obtain
a satisfactory pattern indexing rate. This stress was removed via
electropolishing at a voltage of 25 V, for �30 s, in a solution of 6%
perchloric acid (HClO4), 34% butan-1-ol (CH3(CH2)3OH), and 60%
methanol (CH3OH) at 25 °C.

In our study, the EBSD experiment was carried out by using FEI
Nanosem 430 field emmission gun scanning electron microscope
(SEM, HITACHI S-4800N, Japan) operated at 20 kV. Several
400�400 mm2 EBSD maps, collected at a step size of 0.65 mm,
were stitched together and analyzed using the Oxford HKL Chan-
nel 5 software package. Fig. 2 shows the grain size maps and
histograms of the α and β phases. Grain boundaries were defined
as having 415° misorientation. As the figure shows, smaller
grains are shaded in darker color than larger grains. The statistical
analysis revealed average grain sizes of 2.63 mm and 1.94 mm for
the α and β phases, respectively.

The microstructure is accurately reproduced in the EBSD phase
map (see Fig. 3), which reveals the distribution of the body-center
cubic (BCC)-β phase (red) and the hexagonal-close-packed (HCP)-
α phase (blue). The phase constitute volume fractions are w(α)¼
81.8% and w(β)¼18.2%.
3. Determining the constitutive relations

3.1. Single-phase EPSC framework

The EPSC framework plays a significant role in establishing the
correlation between the experimental data and the simulation
results, and provides a preferable approach for obtaining the
constitutive relation for each phase. The elastic-plastic behavior of
a polycrystalline aggregate has been described by using a mod-
ification of the Hill self-consistent model [21], which was first
implemented by Hutchinson [22]. An underlying assumption of
this model is that the aggregate is composed of single crystals, and
the corresponding distribution of orientations and volume frac-
tions match the measured texture. Each grain is taken to be an
elastically anisotropic, ellipsoidal inclusion embedded in an in-
finite homogeneous medium that represents the rest of the ag-
gregate [23]. As such, anisotropic elastic constants and slip me-
chanisms of a single crystal, of the respective phase, are assigned
to each grain. Interactions between individual grains and the
surrounding medium are performed by using an elastic-plastic
Eshelby-type self-consistent formulation [24]. As Eshelby ob-
served, the stress and strain rates in the ellipsoidal inclusion are
uniform and can be related to the stress and strain rates at infinity



Fig. 2. Grain size map and histogram of the (a) α phase and (b) β phase.
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by fourth order tensors Ac and Bc according to:

ε ε σ σ̇ = ¯ ̇ = ¯ ( )A Band 2c c c c

and, where consistent with the Hooke's law which is extended to
the elastic-plastic regime by expressing it as a rate and introducing
an instantaneous moduli L relating the macroscopic stress and
strain increment:

σ ε ε σ¯ = ¯ ¯ = ¯ ( )L Mand 3

where M¼L�1 except when the inverse fails to exist. By extension,
for each ellipsoidal grain is:

σ ε ε σ¯ = ¯ ¯ = ¯ ( )L Mand 4c c c c c c

Hill [21] showed that the calculation of Ac and Bc is facilitated
by introducing a “constraint” tensor Ln with inverse Mn that:

= ( * + ) ( * + ) = ( * + ) ( * + ) ( )− −A L L L L B M M M Mand 5c c
1

c c
1

where Ln is the effective stiffness, related to the Eshelby tensor S
by:

* = ( − ) ( )L S L I S 6
where I is the fourth order identity tensor. The weighted averages
of stress and strain rates over all the grain orientations of the
polycrystalline are equal to the overall stress and strain (the
average over all the grains is denoted by { }):

σ σ ε ε{ ̇ } = ¯ { ̇ } = ¯ ( )and 7c c

Finally, combining Eqs. (2)–(4), an expression for the overall
self-consistent moduli can be yielded:

= { } = { } ( )L L A M M Band 8c c c c

The single-crystal elastic constants and the various deforma-
tion systems activated at predetermined values of the critical re-
solved shear stress (CRSS, τ0) describe the elastic response of the
individual grains and the plastic response, respectively. Further-
more, hardening on each deformation system is described by the
extended Vocé hardening law, which is given as follows [25]:

( ) ( )τ Γ τ τ θ Γ
θ Γ
τ

= + + −
−
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where τ0, θ0, and Γ are the initial critical resolved shear stress,
initial hardening rate, and accumulated shear strain on the slip



Fig. 3. Phase distribution map of the HCP-α phase (blue) and the BCC-β phase (red).

R. Shi et al. / Materials Science & Engineering A 675 (2016) 138–146 141
system, respectively. The final hardening parameter is denoted as
θ1, and (τ0þ τ1) is the intercept of the slope at Γ¼0. The parameters
in Eq. (9) are derived by fitting the in-situ experimental true
stress-strain curve of the material (as shown in Fig. 8).

Based on their activities, the various slip systems harden each
other. The increment of the CRSS, τ ̇i, is related to the shear rate of
the jth slip system, γ ̇ j, by:

( ) ∑τ
τ Γ

Γ
γ̇ = ̇

( )

d

d
h

10

i
i

j

ij j

where hij are the hardening coefficients relating the hardening of
each system i to the other system j and itself.
Fig. 4. Crystalline orientation maps o
3.2. Two-phase framework

To implement the above theory to two-phase polycrystalline
materials, the framework of single-phase EPSC remains the same,
however, the overall instantaneous moduli ̇L now depends upon
the properties of both phases as a linear combination of the
equivalent instantaneous moduli of each phase, weighted by the
volume fractions:

α β̇ = ( )⋅ ̇ + ( )⋅ ̇ ( )α βL w L w L 11

The properties of each phase are calculated independently and
then combined in the calculation of the overall moduli, reflecting
the interaction between phases consequently [26].
4. Discussion

In the EPSC framework, the evolution of strain is determined
for unidirectional strain loading in strain steps of 0.1%. To correlate
the orientation of single crystals with those on polycrystalline
samples, crystallographic data are described by means of three
Euler angles which are commonly used to describe the sample
orientation relative to the crystal [27–29]. For orientation mea-
surements in Channel 5, the convention of Bunge is applied. The
Euler angles: φ1,Φ,φ2 represent a rotation of φ1 about the z-axis,
followed by a rotation of Φ about the rotated x-axis and followed
by a rotation of φ2 about the rotated z-axis [30]. Therefore, a set of
discrete Euler angles of 6495 α grains and 2341 β grains are spe-
cified and weighted, based on the EBSD orientation distribution
measurement. EBSD crystalline orientation maps (Inverse pole
figures, IPFs) (Fig. 4) are colored according to the initial crystal-
lographic orientation of each grain in the polycrystalline material
paralleling to the LD of the sample within the coordinate system
comprised by three important low-index axes.

In the EPSC framework, several material parameter inputs are
required in order to account for the grain-to-grain interactions
occurring within the respective phases and the elastic-plastic de-
formations triggered by several slip systems. These parameters
include an elastic part, such as the single-crystal elastic stiffness
matrix, Cij, and a plastic part, such as potentially available slip
modes and hardening coefficients.
f (a) α phase and (b) of β phase.



Table 2
Experimental measured and EPSC simulated Ehkl (GPa) of the lattice reflections of
the α and β phases.

Planes {101̄0}α {0002}α {101̄1}α {101̄2}α {110}β {200}β {310}β

Ehkl
Exp. 106.7 128.23 113.59 119.49 105.6 93.27 97.02

Ehkl
SC 106.25 137.09 111.62 123.82 106.18 93.06 97.39
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The initial preset Cij components used in the model are
C11¼168 GPa, C12¼95 GPa, C13¼69 GPa, C33¼191 GPa,
C44¼48 GPa for the α phase, and C11¼134 GPa, C12¼110 GPa,
C44¼55 GPa for the β phase [31,32]. Table 2 lists the diffraction
elastic constants, Ehkl, of the lattice reflections of the α and β
phases, as determined from simulation, along the LD, by the EPSC
framework; and the Ehkl values obtained by experimentally mea-
sured lattice strains as a function of the applied stress:

σ
ε

=
( )

E
12hkl

applied

hkl

As the table shows, an excellent correspondence is obtained
between the measured and simulated diffraction elastic constants.
It is observed that the {200}β reflection has the lowest stiffness.
The {110}β reflection, which has the largest stiffness of all those
observed in the β phase, has a stiffness lower than any reflection in
the α phase. Therefore, the stress in the α phase would be higher
than the β phase indicating that load partitions prior to the α
phase during the elastic loading stage in this alloy. The fitted
components of Cij of each phase are listed in Table 3.

EBSD mapping was also used to reveal the SF (m) associated
with different grain orientations [33,34]; and this mapping re-
vealed the grains that experienced high or low resolved shear
stresses (τ ) during tensile loading.

τ σ θ λ σ= ⋅ = ( ) ( )⋅ ( )m cos cos 13

where θ is the angle between the direction of the applied load and
the slip plane normal; λ is the angle between the direction of the
applied load and the slip direction; s is the applied stress or load.
The CRSS is the component of critical applied stress, resolved in
the direction of slip in a slip plane, required to initiate slip in a
grain (plastic deformation of metals).

Figs. 5 and 6 show the SF maps and histograms of the main slip
systems in the α grains: {0001}o11204 basal, {1010}o11204
prismatic, {10 11}o11 204 first-order pyramidal, and
{10 11}o11 234 second-order pyramidal slip systems; the
{1 10}o1114 , {11 2}o1114 , and {12 3}o1114 constitute the
main slip systems in the β grains. The SF frequency distributions of
slip systems in the α grains (Fig. 5) increase from hard (i.e., lowest-
SF, SF¼0) orientations to soft (i.e., highest-SF, SF¼0.5) orienta-
tions. These four slip systems occur with frequencies of 61.98%,
55.06%, 84.18%, and 85.52%, respectively, in grains with SF values
higher than 0.3. Plastic deformation occurs preferentially in high-
SF grains. The orientations of these grains are referred to as fa-
vorably oriented components. Furthermore, with increasing de-
formation, the reorientation of deformed grains results in the ro-
tation of unfavorably oriented grains to favorably oriented com-
ponents. Sustainable plastic deformation of the α phase is initiated
at a relatively large timescale. However, in contrast to those of the
Table 3
Fitted single-crystal elastic constants Cij (GPa) of the α and β phases.

C11 C12 C13 C33 C44

α phase 168 97 77 198 43
β phase 139.2 80.4 80.4 80.4 46
α grains, the SF frequency distributions of the slip systems in the β
grains (Fig. 6) are narrow and concentrated in the vicinity of fa-
vorable orientations. In other words, this distribution consists only
of SF values higher than 0.275. Instantaneous plastic deformation
is initiated when the local stress reaches the CRSS of these high-SF
systems.

As a general rule, the easiest modes to activate are those with
their slip plane of greatest atomic density and the largest inter-
planar spacing, and with their slip direction of shortest atomic
distance. It would therefore be expected that the dominant slip
systems of the primary α phase are the basal and prismatic slip
due to their relatively low CRSS [35,36]. Further, at room
temperature,ocþa4 pyramidal slip mechanisms are always
more difficult to activate than either prismatic or basal slip.
However, they are important deformation modes, because they
have much close connection with the ductility of commercial high-
strength Ti alloys and have the occurrence during deformation of
polycrystalline Ti alloys [37]. For β phase, the three main slip
systems shown in Fig. 6 were all employed. Thus, in the EPSC
framework, the occurrence of slip deformation on the aforemen-
tioned slip systems, in each phase, was assumed.

The hardening function of the ith slip system of each single
crystal is described by the generalized Vocé hardening law
[26,38,39]. Fig. 7 shows the initial yield stress of each hkl plane,
and Table 4 lists the CRSSs and Vocé hardening parameters of each
slip mode.

As shown in Fig. 7, a good agreement is achieved between
experimental measurement and EPSC simulation of the initial
yield stress (ss, hkl) of lattice reflections with the deviation ranging
from 1.85 MPa for {0002}α reflection to 15.58 MPa for {110}β
reflection.

From the fitting results, we know that, owing to their relatively
low CRSSs (0.33 and 0.35 GPa, respectively) the basal and pris-
matic slip systems are the dominant slip systems of the α phase.
The first- and second-order pyramidal slip systems have, there-
fore, higher critical stresses than these systems. In contrast, the
plastic-deformation initiative stresses of slip systems in the β
phase are similar and relatively higher than the basal and pris-
matic slip systems in the α phase. During plastic deformation
dominated by the sliding mechanism, the higher initial CRSS of
one phase, compared to that of the other, would result in a higher
yield stress.

The constitutive relations of α and β phases simulated by EPSC
are compared (Fig. 8) with the measured macro true stress-strain
curve obtained from the in-situ experiment. A review of the
elastic-plastic transition stage during deformation reveals that the
α phase yields at 877.8 MPa. In contrast, the plastic deformation
stage of the β phase is initiated at a stress of 969 MPa. Additional
information can be obtained from the constitutive relations. For
example, the Young's moduli of the α and β phases are 110.3 GPa
and 104.5 GPa, respectively.
5. Conclusions

An EPSC framework combined with in-situ tensile loading
synchrotron-based XRD was used to determine the constitutive
relations of α and β phases in a TC6 titanium alloy. An excellent
correspondence was obtained between the experimentally de-
termined lattice-strain evolution and the data fitted by using the
two-phase framework. Moreover, characteristic parameters of the
α and β phases were obtained, based on the results of the fra-
mework calculation. These characteristics include the room-tem-
perature single-crystal elastic constants, CRSSs and hardening
parameters of the slip systems, Young's modulus, and the yield
stresses. In the fitting framework, EBSD mapping was used to



Fig. 5. Schmid factor maps and histograms of slip systems in the α grains: (a) {0001}o11 204 basal, (b) {1010}o11..04 prismatic, (c) {1011}o11 204 first-order
pyramidal, and (d) {1011}o11234 second-order pyramidal slip systems.
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Fig. 6. Schmid factor maps and histograms of slip systems in the β grains: (a) {110}o1114 , (b) {112}o1114 , and (c) {123}o1114 slip systems.
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determine the initial grain orientations and to reveal the grain size
distribution, phase distribution, and SF distribution of the slip
systems. In addition, the SF frequency of the α grains increased,
over a large time scale, from hard to soft orientations, whereas β
grains experienced an instantaneous elastic-plastic transition
mode.



Fig. 7. Experimental measured and EPSC simulated initial yield stress ss,hkl (MPa) of
the lattice reflections of the α and β phases.

Table 4
Critical resolved shear stresses (CRSSs) and Vocé hardening parameters (in GPa) of
each slip mode used in the EPSC framework.

Slip mode CRSS τ1 θ0 θ1

o1114 {110} 0.43 0.13 0.115 0.021
o1114{112} 0.44
o1114{123} 0.45
o11 2̄04{0002} 0.33

o11 2̄04{101̄0} 0.35

o11 2̄04{101̄1} 0.47

o11 2̄34{101̄1} 0.49

Fig. 8. The simulated constitutive relations of the α and β phases, and the ex-
perimental macroscopic true stress-strain curve.
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